IMlustration and intuitive derivation of the Cluster Variation Method
originated by Ryoichi Kikuchi (1919-2003)

Marcel Sluiter, Dec 09 2004

Notation: spoint, spair, ssquare etc, entropy contribution from a
particular cluster

kb = Boltzmann constant

ca = fraction of A atoms, concentration of A

cb = fraction of B atoms, concentration of B

faa = fraction of pairs of AA type

fab = fraction of pairs of AB type, distinguished from BA pairs!

z = coordination number

Point approximation (no correlations between points => randomness)
> spoint:=-kb* (ca*log(ca)+cb*log(cb)) ;
spoind = kb ica Infea) + cb Infchbh)

> eval (spoint,cb=1-ca) ;
b o Infea) + (1 - ca) In1 - ca))

analogously for the pair we have
>

spair:=-kb*0.5*z* (faa*log(faa)+fab*log(fab)+fba*l
og (fba) +fbb*log (fbb) ) ;

spar = -0.5 kb z (fae Inffae) + fab Infzb) + fba Inffba) + ibh Inffbby)
In the random limit:
>
eval (spair, [faa=ca*ca, fab=ca*cb, fba=cb*ca, fbb=cb*
cb]) ;

2 2 2 2
05 kb z(ca Infeq )+ 2 eqeh Infeq cb) +ebh Infeh 0



> spair random=-kb*z* (ca*log(ca)+cb*log(cb))

spadr random = -kb 2 (cq Infea) +eb Inichy)

Now, spair_random is (z-1) * spoint(_random) too big!!!!
Ryoichi Kikuchi's idea in 1951 was to correct for this by taking out the
point term............
> spair cvm:=spair - (z-1) *spoint;

spm'r_-:?m =05 kb 2 (fae Inifaa) + fiab Inffab) + fba Inffba) + b Inffbh))

+1z- 1y ich {ca Infea) + cb Infch])

we subtract out, rather than divide because in W_point=(NA+NB)!/(NA!
NB!) and
W_pair=(NAA+NAB+NBA+NBB)!/(NAA! NAB! NBA! NBB!) we
wish to multiple W_pair with a correction factor (so in Log(W) we end
up adding or subtracting)

lets apply some algebra....
>

eval (spair cvm, [fba=fab, fbb=1-2*fab-faa,cb=1-ca])
, 0.5 kb z (fae Inffaa) + 2 fzb Inffab) +(1 - 2 fab - faq) In(1 - 2 fab - faa))
+z- 1) kb (eq Infeq) +01 - ca) Inf1 - cal)
> s_cvm:=eval (%, faa=ca-fab) ;
s cvm =05 kDb 2 (lea - fab) Infca - fab) + 2 fab In(fab) +(1 - f2b - ca) In(1 - f2b - ca))
+iz- 1) kb feq Infea) + (1 - ) Inf1 - ead)
> e:=fab*J;

g = fiah J

This way the energy of pure A and pure B is zero, independent of the
value of J



¢ = energy
J = effective pair interaction
> f:=e-t*s cvm;
fo=fabJ
-EC-05 KD 2 lea - fab)y Infeq - fab) + 2 fab Inffab) + (1 - f2b - cq) In(1 - fzh - ca))
+iz- 1) kb fea Infeq) +(1 - cad Inf1 - el

Now lets look at the square lattice (Z=4) at equiatomic composition
f = free energy
t = temperature
> fht:=eval (f, [J=1,kb=1,ca=0.5,z=4]);
fhi = fab - §(-40 (0.5 - fab) In(0.5 - fab) - 4.0 fab Infab) - 2.07244] 542
>
plot([eval (fht,t=0.1) ,eval (fht,t=0.25) ,eval (fht,t
=0.5) ,eval (fht,t=1)],£fab=0..0.5) ;

1.27

0.8

System will select fab value that minimizes free energy =>
Almost No AB pairs at low T, then all AA and BB pairs => phase



separation
> fht:=eval (f, [J=-1,kb=1,ca=0.5,z=4]) ;

fhi = fab - (-40 (0.5 - f2b) Ini0.5 - f2b) - 4.0 fab i fab) - 2.07944] 547)
>

plot([eval (fht,t=0.1) ,eval (fht,t=0.25) ,eval (fht,t
=0.5) ,eval (fht,t=1)],£fab=0..0.5) ;
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Almost 50% AB pairs at low T, then almost NO AA pairs =>(short/long
range) ordering, of course, at high T faa goes towards faa=ca*ca=0.25

can we get interesting statistical thermodynamics? Lets find the
spinodal point for phase separation (d2f/dc2=0)
> ftc:=eval (f, [kb=1,z=4]) ;
fle = fab J

-#(-2.00ca - fab) Inica - fab) - 40 fab Inffab) - 2001 - fab - ca) In(l - fab - ea) + 3 ca Infeq)

+ 301 - ea) Infl - eq))
> dftcdfab:=diff (ftc, fab) ;

difedfab = J- F{2.0 Injea - fab) - 4.0 Inffad) + 2.0 In(l - fab - ca))

>
fab0:=solve((ca-fab) * (1-ca-fab) / (fab*fab)=ejt, fab
)

2 2 2 2

-1 +'Jl -deatden +deica-dgien -1- '\IJI -deatdea +degica-deien
2(-1 +effh ’ 2i-1+g8)
> fab0l:=eval (fab0[1l],ejt=exp(0.5*J/t)) ;
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>
plot([eval (£ab01l, [ca=0.5,J=1]) ,eval (£fab01, [ca=0.5
,J=1]1)]1,t=0.01..2);
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AB pair probability vs temperature at c=0.5 for homogeneous case, at

high temperature fab goes to 0.25 (=ca*cb)
> fc:=eval (ftc, fab=fab01l) ;
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> plot(eval (fc, [J=1,t=0.35]) ,ca=0..1) ;
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Now, are we not happy to a computer algebra package!

Here we are close to the spinodal!  Lets find it with d2f/dc2=0
> dfdc:=diff (fc,ca);
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> d2fdc2:=diff (dfdc,ca);
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> eval (d2fdc2,ca=0.5) ;
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> solve (%=0,t);

e

03606737602 F

the "%" means "previous equation".

For square lattice, we get k B Tc =0.3606737602 J

be careful about definition of J!)

(where one has to

lets compute the phase diagram, solve for df/dc=0 (because we are

completely symmetric in composition about ca=0.5)

> tl:=solve(dfdc=0,t);
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specifying that ca and other variables are of type real might have

simplified the expression above....
> plot(eval(tl,JdJ=1) ,ca=0..1);
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This is the miscibility gap in a square lattice for ferromagnetic
interactions, if you rotate it 90 degrees you can interpret it as the
magnetization versus temperature!

Now, lets try to do a better job still by using a larger cluster, and really
put the CVM to use................

SQUARE APPROXIMATION on SQUARE LATTICE
in the pair approximation we had to take care of the fact that each point
was part of z pairs, so ultimately we had to subtract out (z-1) times the



point entropy term

in the square approximation we generalize this rationale:

each triangle is included in one and only one square, therefore the
triangle entropy contribution is completely covered in the square entropy
term.

each second neighbor pair is also part of one and only one square, it also
is completely covered in the square entropy term.

each nearest neighbor pair is part of two squares, its contribution is going
to be once overcounted by the square entropy term, so the nearest
neighbor pair entropy term will be subtracted once

the point is part of 4 square, and part of 4 nearest neighbor pairs so it is
counted +4 times and -4 times, or actually, it is not counted at all, so we
add the point entropy term

The cvm entropy in square approximation on the square lattice is thus...
+1 times the entropy term of the square, -1 times the entropy term of the

nearest neighbor pair, and +1 times the entropy term of the point............
>

s_square:=-kb* (faaaa*log(faaaa)+faaab*log(faaab)+
faaba*log(faaba)+faabb*log (faabb)+fabaa*log (fabaa
) +fabab*log (fabab)+fabba*log (fabba) +fabbb*log (fab
bb) +fbaaa*log (fbaaa) +fbaab*log (fbaab) +fbaba*log (£
baba) +fbabb*1log (fbabb) +fbbaa*log (fbbaa) +fbbab*log
(fbbab) +fbbba*log (fbbba) +fbbbb*1log (fbbbb) ) ;
5 _sguare = -bh Ufacea Inffacaa) + facab Inffaaeb) + facba Inlfaeha) + fachb Inffaabb)
+ fabaa Inffabaa) + fabab Inffabab) + fabba Inifabba) + fabbb Inffabbb) + fhaga Inffhaaa)
+ fhaab Inffbaah) + fhaba In(fbaba) + fhabb Inifhabb) + fbbaa In(fhbaa) + fbbab Inlfhbab)
+ fhbba In(fbbba) + bbb Ini bbb
faaaa = probability of AAAA square
note that faabb and fabab are not the same, we order the sites



consecutively along the perimeter of the square
>

eval (%, [fbaaa=faaab, fabaa=faaab, faaba=faaab, fbaba

=fabab, fbbba=fabbb, fbbab=fabbb, fbabb=fabbb, fbbaa=

faabb, fbaab=faabb, fabba=faabbl]) ;

kb (fagaa nlfaeae) + 4 facab Infaaeb) + 4 fagbh Inffaebb) + 2 fabab Inffabab) + 4 f2hbh In(fabbb)
+ /bbb In(fbbbbY)

>

eval (%, fbbbb=1-faaaa-4*faaab-4*faabb-2*fabab-4*fa

bbb) ;

kb (fagea Indfaeae) + 4 facab Infaaaeb) + 4 facbh Inffaabb) + 2 fabab Inffabab) + 4 f2bbh In(fabbb)

+(1 - foaea - 4 feach - 4 faebb - 2 fabah - 4 fzhbh) In
1 - faeaa - 4 facab - 4 fachb - 2 fabab - 4 fabbbl)
> eval (%, fabbb=fbab-fabab) ;
kb (feaae Infaoea) + 4 fageb Inffacad) +4 faabb Inifaabh) + 2 fabeh Inlfabab)
+ 4 (fbab - fabah) Inifhab - fzbab)
+ 11 - facaa - 4 faced - 4 faebb + 2 fabab - 4 fhab) In]
1 - fagea - 4 facab - 4 faabb + 2 fabab - 4 fhab))
for the triangles we follow nearest neighbors so that the 1st and last (3rd)
site a re second nearest neighbors

> eval (%, fabab=faba-faaab) ;
kb (fegea nifacae) + 4 faceb Inlfaaeb) + 4 fachb Inffaebb) + 2 (faba - faqeh) Inffaba - facab)

+ 4 (fhab - faba + faceh) In(fbab - faba + facal)
+ 11 - foaaa - 6 faeab - 4 faebb + 2 faba - 4 fhab) Inf
1 - facaa - 6 facab - 4 fachh + 1 faba - 4 fbab))
> eval (%, faabb=faab-faaab) ;
kb (fagea nifacae) + 4 facab Inlfaaeb) + 4 (faeb - faceb) Inffoeh - facab)
+ 4 (faba - faceb) Inffaba - faeab) +4 (bab - faba + facab) Inffbab - faba + faeab)



+(1 - foaea - 2 feach - 4 faeb + 2 faba - 4 fbab) Inl] - facaa - 2 facab - 4 facgh + 2 faba - 4 thab))
> eval (%, faaab=faaa-faaaa) ;
kb (faeea Indfacae) + 4 (faea - facee) Inffees - facea) + 4 (faeh - face + facea) Infaeh - faea + foeea)
+ A (faba - faca + facaa) In(faba - faae + facaa)
+ 4 (fhab - faba + faca - faceq) In(fbab - faba + faca - facaaq)
+(1 + facaa - 2 faga - 4 fagh + 4 faba - 4 fhab) In(1 + facaa - 2 faaa - 4 faqdh + 2 faba - 4 fhab))
> eval (%, fbab=faa-faab) ;
kb (feaae Inlfacea) + 4 (faaa - facaa) nifaee - feaee) + 4 (fach - face + facaa) Inlfaah - faae + facea)
+ 2 (fizha - fage + facaa) Inffaba - feae + facea)
+ 4 (faa - faab - faba + faga - facea) Inlfaa - fach - faba + faca - facaa)
+ (1 + facaa - 2 face + 2 faba - 4 faaq) In(l + facaa - 2 faaa + 2 faba - 4 faq))
> eval (%, faba=gaa-faaa) ;
kb (fagea Indfacae) + 4 (faea - facee) Inffeaa - facea) + 4 (fach - face + facea) Inlfach - faea + facea)
+ 2 (gaa - 2 faaa + facaa) Infgaa - 2 faca + facaa)
+ 4 (e - faab - pae + 2 faqe - faeec) In(fae - faab - faa + 4 face - faeaa)
+(1 + fraaa - 4 face + 2 gae - 4 faa) il + feaca - 4 faee +2 gaa - 4 faa))
gaa = probability for the second nearest neighbor pair (diagonal of the
square) being of AA type
> s _square:=eval (%, faab=faa-faaa);
5 sguare = -kb (faeaa Inffacaa) + 4 (fzaa - facea) In(fia - faaaa)

+ 4 (faa - 4 faae + faaee) Inlfae - 2 faca + faaaa)

+ 3 (paa - 2 faca + facaq) In{gaq - 2 face + faaaa)

+ 4 (3 faga - gaa - faaeq) In(3 faaa - gea - faaaa)

+(1 +faaaa - 4 faca + 2 gac - 4 faa) In(l + feace - 4 feae + 2 gaa - 4 fza))
>
s _pair:=-kb*2* (faa*log(faa)+fab*log(fab)+fba*log
fba) +fbb*log (fbb) ) ;



5 padr = -2 kb (faa In(fag) + fab Inffab) + fha Infibae) + fhb Indfbb))
> eval (%, [fbb=1-2*fab-faa, fba=fab]) ;
-2 kb (fae Inffaa) + 2 fab Infab) + (1 - 2 fab - faq) Infl - 2 fab - faa))
> s pair:=eval (%, fab=ca-faa);
s par = -2 kb (faa Inffaq) + 2 (ea - faa) Iniea - foa) +(1 - 2 ca +fac) In(l - 2 ca + faa))
> s _point:=-kb* (ca*log(ca)+(l-ca)*log(l-ca));
5 poinf = -kb (eq Infeq) +01 - ey Inl - ca))
> s_cvm:=s_square-s_pair+s_point;
5 ovm =
kb (fagea Indfacar) + 4 (faea - facee) Inffeaea - facea)
+ 4 (faa - 2 fagae + facaq) Inffag - 2 faea + facaa)
+ 2 {paa - 2 faaa + faaea) Infgaa - 2 faca + foaca)
+ 4 (3 feaa - paq - facaa) o3 fage - goc - faaaa)
+(1 + facae - 4 fage + 2 gae - 4 fac) Infl + facas - 4 face + 2 paa - 4 faa)
+ 2 kb (faq Inffac) + 2 (ca - faq) Infea - fae) 01 - 2 eq +faa) In(l - 2 ea + fiaa))
- kb (e Infeay + (1 - ea) Infl - cal)
> f:=J* (ca-faa)-t*s cvm;
f=Jl(ea - faa)
S
kb (feaae Inifacea) + 4 (faaa - facaa) Inlfaee - faaoa)
+ 4 (faa - 2 fagae + facaq) Inffag - 2 faea + facaa)
+ 2 (gaa - 2 faaa + facaa) Infgaa - 2 faca + facaa)
+ 4 (3 feaa - paq - facaa) o3 fage - goc - faaaa)
+(1 + fraaa - 4 face + 2 gae - 4 faa) il + feaca - 4 foee +2 gaa - 4 faa))
+ 2 kb (faq Inffac) + 2 (ca - faq) Infea - fac) 01 - 2 ea + fa) In(l - 2 ea + faa))
- kb (e Infea) +01 - e Inf1 - ca))
Now, minimize f with respect to faaaa, faaa, gaa, faa......



> fl:=eval (f,kb=1) ;
fI:=J(ca - faa)
- Hl-faeaa Inlfoaea) - 4 (faca - faaaa) Injfeaa - faeaa)
- d{faz - 2 faea + focaa) In(fae - 2 face + facaea)
- 2{paa - 4 faqa + facaq) In{gaa - 2 faca + faceq)
- 43 faqa - gaa - facaa) In(3 faga - Faq - facea)
-1 +faeaa - 4 faee +2 gaa - 4 foq) In(l + facee - 4 foee + 2 gae - 4 faq) + 2 fag Inffae)
+ 4 (ea - faa) Infeq - faa) + 201 - dea +faa) In(l - 2 ca + fiaq) - ca Infea) - (1 - ca) In(1 - ea))

>

analytical solutions get to be tough to derive - even with maple!!! (can
try series expansion etc.)

POSTSCRIPT:

This work is not an endorsement of Maple or Mathematica or any other
commercial software package. There are a number of freeware
packages also that maybe of interest for your own work:

http://www.octave.org/
http://maxima.sourceforge.net/

These two appear quite nice.



