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Notation: spoint, spair, ssquare etc, entropy  contribution  from a 

particular cluster 

kb = Boltzmann constant 

ca = fraction of A atoms, concentration of A 

cb = fraction of B atoms, concentration of B 

faa = fraction of pairs of AA type 

fab = fraction of pairs of AB type, distinguished from BA pairs! 

z = coordination number 
 

Point approximation (no correlations between points => randomness) 
> spoint:=-kb*(ca*log(ca)+cb*log(cb)); 

 

> eval(spoint,cb=1-ca); 

 

analogously for the pair we have 
> 
spair:=-kb*0.5*z*(faa*log(faa)+fab*log(fab)+fba*l
og(fba)+fbb*log(fbb)); 

 

In the random limit: 
> 
eval(spair,[faa=ca*ca,fab=ca*cb,fba=cb*ca,fbb=cb*
cb]); 

 



> spair_random=-kb*z*(ca*log(ca)+cb*log(cb)); 

 

Now, spair_random is (z-1) * spoint(_random)  too big!!!! 

Ryoichi Kikuchi's idea in 1951 was to correct for this by taking out the 

point term............ 
> spair_cvm:=spair - (z-1)*spoint; 

 

 

we subtract out, rather than divide because in W_point=(NA+NB)!/(NA! 

NB!) and 

W_pair=(NAA+NAB+NBA+NBB)!/(NAA! NAB! NBA! NBB!)  we 

wish to multiple W_pair with a correction factor (so in Log(W) we end 

up adding or subtracting) 
 

lets apply some algebra.... 
> 
eval(spair_cvm,[fba=fab,fbb=1-2*fab-faa,cb=1-ca])
; 

 

 

> s_cvm:=eval(%,faa=ca-fab); 

 

 

> e:=fab*J; 

 

This way the energy of pure A and pure B is zero, independent of the 

value of J 



e = energy 

J = effective pair interaction 
> f:=e-t*s_cvm; 

 

 

 

Now lets look at the square lattice (Z=4) at equiatomic composition 

f = free energy 

t = temperature 
> fht:=eval(f,[J=1,kb=1,ca=0.5,z=4]); 

 

> 
plot([eval(fht,t=0.1),eval(fht,t=0.25),eval(fht,t
=0.5),eval(fht,t=1)],fab=0..0.5); 

 

System will select fab value that minimizes free energy => 

Almost No AB pairs at low T, then all AA and BB pairs => phase 



separation 
> fht:=eval(f,[J=-1,kb=1,ca=0.5,z=4]); 

 

> 
plot([eval(fht,t=0.1),eval(fht,t=0.25),eval(fht,t
=0.5),eval(fht,t=1)],fab=0..0.5); 

 



Almost 50% AB pairs at low T, then almost NO AA pairs =>(short/long 

range) ordering, of course, at high T faa goes towards faa=ca*ca=0.25 
 

can we get interesting statistical thermodynamics?  Lets find the 

spinodal point for phase separation (d2f/dc2=0) 
> ftc:=eval(f,[kb=1,z=4]); 

 

 

 

> dftcdfab:=diff(ftc,fab); 

 

> 
fab0:=solve((ca-fab)*(1-ca-fab)/(fab*fab)=ejt,fab
); 

 

> fab01:=eval(fab0[1],ejt=exp(0.5*J/t)); 

 

> 
plot([eval(fab01,[ca=0.5,J=1]),eval(fab01,[ca=0.5
,J=1])],t=0.01..2); 



 

AB pair probability vs temperature at c=0.5 for homogeneous case, at 

high temperature fab goes to 0.25 (=ca*cb) 
> fc:=eval(ftc,fab=fab01); 

 



 

 

 

 



 

 

 

 

> plot(eval(fc,[J=1,t=0.35]),ca=0..1); 



 

Now, are we not happy to a computer algebra package! 

Here we are close to the spinodal!  Lets find it with d2f/dc2=0 
> dfdc:=diff(fc,ca); 

 



 

 

 

 



 

 

 

 

> d2fdc2:=diff(dfdc,ca); 



 

 

 

 



 

 

 



 

 

 

 



 

 

 

 

 



 

 

 



 

> eval(d2fdc2,ca=0.5); 

 

 



 

 

> solve(%=0,t); 

 

the "%" means "previous equation". 

For square lattice, we get k_B Tc =0.3606737602 J   (where one has to 

be careful about definition of J!) 

lets compute the phase diagram, solve for df/dc=0  (because we are 

completely symmetric in composition about ca=0.5) 
> t1:=solve(dfdc=0,t); 



 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

specifying that ca and other variables are of type real might have 

simplified the expression above.... 
> plot(eval(t1,J=1),ca=0..1); 



 

This is the miscibility gap in a square lattice for ferromagnetic 

interactions, if you rotate it 90 degrees you can interpret it as the 

magnetization versus temperature! 
 

Now, lets try to do a better job still by using a larger cluster, and really 

put the CVM to use................ 
 

SQUARE APPROXIMATION on SQUARE LATTICE 

in the pair approximation we had to take care of the fact that each point 

was part of z pairs, so ultimately we had to subtract out (z-1) times the 



point entropy term 

in the square approximation we generalize this rationale: 

each triangle is included in one and only one square, therefore the 

triangle entropy contribution is completely covered in the square entropy 

term. 

each second neighbor pair is also part of one and only one square, it also 

is completely covered in the square entropy term. 

each nearest neighbor pair is part of two squares, its contribution is going 

to be once overcounted by the square entropy term, so the nearest 

neighbor pair entropy term will be subtracted once 

the point is part of 4 square, and part of 4 nearest neighbor pairs so it is 

counted +4 times and -4 times, or actually, it is not counted at all, so we 

add the point entropy term 

The cvm entropy in square approximation on the square lattice is thus... 

+1 times the entropy term of the square, -1 times the entropy term of the 

nearest neighbor pair, and +1 times the entropy term of the point............ 
> 
s_square:=-kb*(faaaa*log(faaaa)+faaab*log(faaab)+
faaba*log(faaba)+faabb*log(faabb)+fabaa*log(fabaa
)+fabab*log(fabab)+fabba*log(fabba)+fabbb*log(fab
bb)+fbaaa*log(fbaaa)+fbaab*log(fbaab)+fbaba*log(f
baba)+fbabb*log(fbabb)+fbbaa*log(fbbaa)+fbbab*log
(fbbab)+fbbba*log(fbbba)+fbbbb*log(fbbbb)); 

 

 

 

 

faaaa = probability of AAAA square 

note that faabb and fabab are not the same, we order the sites 



consecutively along the perimeter of the square 
> 
eval(%,[fbaaa=faaab,fabaa=faaab,faaba=faaab,fbaba
=fabab,fbbba=fabbb,fbbab=fabbb,fbabb=fabbb,fbbaa=
faabb,fbaab=faabb,fabba=faabb]); 

 

 

> 
eval(%,fbbbb=1-faaaa-4*faaab-4*faabb-2*fabab-4*fa
bbb); 

 

 

 

> eval(%,fabbb=fbab-fabab); 

 

 

 

 

for the triangles we follow nearest neighbors so that the 1st and last (3rd) 

site a re second nearest neighbors 
> eval(%,fabab=faba-faaab); 

 

 

 

 

> eval(%,faabb=faab-faaab); 

 

 



 

> eval(%,faaab=faaa-faaaa); 

 

 

 

 

> eval(%,fbab=faa-faab); 

 

 

 

 

> eval(%,faba=gaa-faaa); 

 

 

 

 

gaa = probability for the second nearest neighbor pair (diagonal of the 

square) being of AA type 
> s_square:=eval(%,faab=faa-faaa); 

 

 

 

 

 

> 
s_pair:=-kb*2*(faa*log(faa)+fab*log(fab)+fba*log(
fba)+fbb*log(fbb)); 



 

> eval(%,[fbb=1-2*fab-faa,fba=fab]); 

 

> s_pair:=eval(%,fab=ca-faa); 

 

> s_point:=-kb*(ca*log(ca)+(1-ca)*log(1-ca)); 

 

> s_cvm:=s_square-s_pair+s_point; 

 

 

 

 

 

 

 

 

> f:=J*(ca-faa)-t*s_cvm; 

 

 

 

 

 

 

 

 

 

Now, minimize f with respect to faaaa, faaa, gaa, faa...... 



> f1:=eval(f,kb=1); 

 

 

 

 

 

 

 

>  

analytical solutions get to be tough to derive - even with maple!!!  (can 

try series expansion etc.) 
 

POSTSCRIPT: 

This work is not an endorsement of Maple or Mathematica or any other 

commercial software package.  There are a number of freeware 

packages also that maybe of interest for your own work: 
 

http://www.octave.org/ 
 

http://maxima.sourceforge.net/ 
 

These two appear quite nice. 
 

 


